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In all Countries the political decisions aim at the Covid-19 spreading reduction and at reaching an
almost stable configuration of coexistence with the disease, where a small number of new infected
individuals per day is sustainable. In such a phase, the containment effort will be reduced in favor
of a gradual reopening of the social life and of the various economical sectors and the evaluation of
the possible infection regrowth should be very useful. Microscopic models, which take into account
the details of the new social and economical conditions, would require a complex dynamics of the
stakeholders. We discuss a less detailed approach which, on the basis of the collected data after
few days from the beginning of the new phase, outlines different scenarios of the Covid-19 diffusion
for longer time. The method applies a time dependent carrying capacity, analogously to many
macroscopic growth laws in biology, economics and population dynamics. The illustrative cases of
Singapore, Italy and Sicily are analyzed.
Introduction
The pandemic spreading of the Coronavirus infection
2019 (COVID-19) [1, 2, 4] is forcing billion of people to
live in isolation. The related economical degrowth is pro-
ducing dramatic conditions for workers, trade and indus-
try.
In all Countries the political decisions aim at the
spreading reduction and at reaching an almost stable con-
figuration of coexistence with the disease, where a small
number of new infected individuals per day is sustain-
able.
In such a condition, often called phase 2 (Ph2), the
containment effort will be reduced in favor of a gradual
reopening of the social life and of the various economical
sectors.
There are Nations, as China and South Korea, that
are in this phase due to the long and strong isolation
constraints, but in many other Countries the disease is
quickly growing.
Moreover, in some Nations there are regions where a
stable condition of the spreading has been almost reached
and other areas where the specific rate of the growth is
still large.
The evaluation of the restarting of the infection spread-
ing in the Ph2 is a complex problem. Microscopic models
which take into account the details of the new social and
economical conditions would require a coupled dynamics
of the stakeholders, with a large number of free param-
eters [3, 5–8]. In this respect, an important example is
the Italian report on the effects of the reopening on the
National Health System. The simulation is based on a
stochastic epidemic model including the age dependence,
the demographic structure, the heterogeneity of social
contacts in different meeting places (home, school, work,
public transportation, cultural activity, shop, bank, post
office) and many work sub-sectors (public health, manu-
facturing, building, trade, ...) [9].
On the other hand, complementary and less detailed
approaches which outline the new Covid-19 evolution, on
the basis of macroscopic growth laws (with few param-
eters) and of the collected data after few days from the
beginning of the Ph2, are a useful tool for monitoring the
spreading.
In this paper we propose a method, based on macro-
scopic variables [10–13] and with no explicit reference to
the underlying dynamics, which analyzes the quantita-
tive consequences of the impairment of the constraints.
The starting point is the observation that the Covid-
19 spreading, after an initial exponential increase and a
subsequent small slowdown (which follows the Gompertz
law (GL) [14]), reaches a stable phase, described by the
GL or by a logistic equation (LL) [15], where the Ph2
starts.
The previous macroscopic growth laws, GL and LL,
depend on two parameters related to the initial expo-
nential trend and to the maximum number of infected
individuals, N∞, called carrying capacity.
It is well known that the carrying capacity changes ac-
cording to some “external” conditions in many biological,
economical and social systems [16].
In tumor growth it is related to a multi-stage evolu-
tion [17]. In population dynamics, new technologies af-
fect how resources are consumed, and since the carrying
capacity depends on the availability of that resource, its
value changes [18].
Therefore a simple method of monitoring the Ph2 is
to understand how the carrying capacity (CC) increases
due to the reduction of the social isolation and to the
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Figure 1: Comparison of the growth laws with the data of the
cumulative number of infected individuals in China: contin-
uous line si the logistic curve, dotted line the Gompertz, the
dashed one the exponential. Time zero corresponds to the
initial day - 22/01.
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Figure 2: Comparison of the growth laws with the data of the
cumulative number of infected individuals in South Korea:
continuous line si the logistic curve, dotted line the Gompertz,
the dashed one the exponential. Time zero corresponds to the
initial day - 20/02.
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Figure 3: Comparison of the growth laws with the data of the
cumulative number of infected individuals in Italy: continu-
ous line si the logistic curve, dotted line the Gompertz, the
dashed one the exponential. Time zero corresponds to the
initial day - 22/02.
modification is difficult to predict and different scenar-
ios of regrowth (i.e. different time dependence of CC
in the Ph2) are analyzed in the next sections. By the
initial data in the new phase one can try to outline the
behavior of the spreading for longer time. If the infec-
tion regrows exponentially, the (re)lockdown has to be
decided as soon as possible. On the other hand, a small
change of the specific rate in the Ph2, parameterized by a
slight modification of the CC, should require less urgent
political choices.
The proposed method is discussed in the next Sec. I.
In Sec. II the different spreading scenarios in the Ph2 are
analyzed. The incubation time of the Covid-19 is eval-
uated in Sec. III. Sec. IV and V are devoted to specific
cases (Singapore, Italy, Sicily). Comments and Conclu-
sions are in Sec. VI.
I. MACROSCOPIC GROWTH LAW WITH
TIME DEPENDENT CARRYING CAPACITY
The macroscopic growth laws for a population N(t)
are solutions of a general differential equation that can
be written as
1
N(t)
dN(t)
dt
= f [N(t)] (1)
where f(N) is the specific growth rate and its N de-
pendence describes the feedback effects during the time
evolution. If f(N) =constant, the growth follows an ex-
ponential pattern.
In particular, the Gompertz and the logistic equations
are
1
N(t)
dN(t)
dt
= −kg ln
N(t)
Ng∞
Gompertz , (2)
1
N(t)
dN(t)
dt
= kl
(
1−
N(t)
N l
∞
)
logistic, (3)
where kg ln(N
g
∞
) and kl are respectively the initial expo-
nential rates and the other terms determine their slow-
down. In both cases the steady state condition, dN/dt =
0 is reached when N is equal to the carrying capacity
N∞.
The comparison of the growth laws, solutions of the
previous differential equations, with the data on the cu-
mulative number of infected individuals is reported in
fig. 1 for China, showing that the coronavirus spreading
has three phases: an initial exponential behavior, fol-
lowed by a Gompertz one and a final logistic phase.
For South Korea, after the three phases, the spreading
seems to restart (see fig. 2). Italy is still in the Gompertz
growth phase (see fig. 3).
In many dynamical systems the previous, simple, so-
lutions give a good quantitative understanding of the
growth. However the CC can be modified by effects not
3included in eqs. (2, 3). For example, the invention and
diffusion of technologies lift the growth limit.
For Covid-19 infection, in the Ph2 phase there is fast
increase of the human mobility which, considering the
large number of asymptomatic individuals, modifies the
CC.
Therefore one introduces an extension to the widely-
used macroscopic model to allow for a time dependent
carrying capacity. In other terms, eqs. (2, 3) are now
respectively coupled with a differential equation for the
evolution of the CC, i.e. (g=Gompertz, l=logistic)
dNg,l
∞
dt
= βg,l(t) (4)
where βg,l(t) are the rates: β = 0, β =constant, β ≃ tn,
β ≃ c exp(b t) give respectively constant, linear, power
law and exponential time dependence of the CC.
II. COVID-19 SPREADING IN PHASE 2:
FORMULATION AND EXAMPLE
The application of the previous differential equations
to the spreading of Covid-19 in the Ph2 in different Coun-
tries requires: a) the time, t⋆, of the beginning of the
change of the isolation conditions; b) a stable phase of
the infection diffusion at t⋆. Indeed, the effects of the po-
litical decision of reducing the constraints start (or should
start) when the disease shows a clear slowdown (see be-
low).
Therefore for t ≤ t⋆ the total number of infected indi-
viduals is described by eqs. (2,3) with Ng,l
∞
fitted by the
available data, and for t ≥ t⋆ one has to solve the sys-
tem of coupled differential equations (2,3,4) where the
CC is a function of time, with the initial condition that
Ng,l
∞
(t⋆) = Ng,l ⋆
∞
.
The condition t > t⋆ has to be better clarified.
The instantaneous change of the CC is unphysical since
there is a time interval to observe a possible increase of
the spreading due to the Covid-19 incubation time, ∆.
Therefore in the time interval t⋆ < t < t⋆+∆ the growth
behavior still follows the initial phase, with a fixed CC.
The study of the incubation time is crucial to define the
time interval from t⋆ after which one expects a possible
regrowth and this aspect is discussed in the next section.
However, a simple example clarifies the proposed
method. let us assume that a logistic trend up to t⋆ = 60
days, with a CC, N l
∞
= 2883, is modified at the day
t⋆ = 60 + ∆, with ∆ = 5, by an increase of the CC
by a constant factor (1.02, 1.1, 1.20). Fig. 4 concerns
the cumulative number of detected infected individuals
and fig. 5 shows its daily change. A small variation in
the CC gives a large effect, which seems not so strong
in N(t), but dangerous for the health systems, since the
daily number of recoveries could strongly increase. The
jump reported in the figures is due to the discontinu-
ity in the CC at t = 60 + 5. A weaker effect is ob-
tained by considering a linear time dependence of the
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Figure 4: Variation of a logistic growth due to a sudden
change in the CC: N l ⋆
∞
= k N l
∞
, with k = 1.02 (orange),
k = 1.1 (red) and k = 1.2 (purple).
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Figure 5: Variation of the daily rate of infected persons in
a logistic growth due to a sudden change in the CC:N l ⋆
∞
=
k N
l
∞
, with k = 1.02 (orange), k = 1.1 (red) and k = 1.2
(purple).
CC, i.e. N∞(t) = N∞(t
⋆) + b [t − (60 + 5)] with b such
that N∞(100) = 1.02, 1.1, 1.2 N∞(t
⋆) respectively. The
results are reported in figs. (6,7).
The previous example is for illustrative purposes and
in the next sections we apply the proposed approach to
Singapore, Italy and Sicily.
III. COVID-19 INCUBATION TIME
The definition of the incubation time, or the time from
infection to illness onset, is necessary to inform choices of
quarantine periods, active monitoring, surveillance, con-
trol and modeling. COVID-19 emerged just recently,
and the presence of a high rate of asymptomatic indi-
viduals, does not currently allow a precise estimation of
incubation time. Different studies, especially at the be-
ginning of the pandemic, tried to define the incubation
period, obtaining a mean time varying between 4.0 and
6.4 days [19–21].
This value of incubation time is similar to other Coro-
naviruses, such as MERS-CoV and SARS-CoV, and gen-
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Figure 6: LL - linear time dependence CC, with Nℓ
∞
(100) =
k N
l ⋆
∞
and k = 1.02 (orange), k = 1.1 (red) and k = 1.2
(purple).
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Figure 7: LL - linear time dependent CC - change in the
daily rate of infected individulas, with Nℓ
∞
(100) = k N l ⋆
∞
and
k = 1.02 (orange), k = 1.1 (red) and k = 1.2 (purple).
erally accepted as a reliable estimate. However, 95% con-
fidence intervals are large, varying from 2.4 days to 15.5
days [19]. This strong variability is related to an uncer-
tainty of the most probable date of exposure and onset
of symptoms and this is the main reason why the WHO
recommended an isolation time of 14 days after exposure
to avoid more spreading of the infection [22].
In our study, knowledge of the incubation time is nec-
essary to model possible consequence of a re-opening. As
a matter of fact, reduction of social isolation will in-
crease the CC, and our attention should still be at its
highest levels for at least two entire incubation periods,
to promptly recognize any warning signal and apply the
right control measures.
Therefore the incubation interval ∆ ≃ 8 ± 6 days can
be considered and ∆ = 6 will be used in the next sections.
let us recall that an increase of Covid-19 mortality in Ph2
should be observed after a longer time interval. In Italy,
for example, the correlation between the rate of infected
people per day and the corresponding mortality rate is
shown by figs. 8 and 9, where a delay of about 8 days is
clearly seen. Therefore an increase of mortality could be
expected after 14-22 days from t⋆.
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Figure 8: Italy - Confirmed daily rate.
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Figure 9: Italy - Mortality daily rate.
IV. SINGAPORE: A FAST COVID-19
SPREADING IN PHASE 2
In Singapore, after the reaching of a stable phase, there
is a new strong growth of the infection spreading, due to
the immigration of workers from neighboring Countries.
This effect can be described in terms of a modified CC
with respect to the saturation phase. The data of N(t)
before the restarting of the infection can be fitted either
by Gompert (red line) or by logistic (orange line), as
shown in fig. 10. The initial day of the PH2, t⋆, corre-
sponds to about t = 34 and t∗ + ∆ = 40 (March the
4th).
By applying the method discussed in the previous sec-
tion the entire data sample can be fitted by assuming
that the CC in the new phase is given by an exponential
grow for Ng,l
∞
(t), as shown in fig. 11
The, a posteriori, indication coming from the previous
analysis is that the increase of the spreading rate, ob-
served immediately after the starting of the new phase,
is so strong to require a sudden (re)lockdown of the Coun-
try.
An opposite trend has been observed in Austria, where
the Government decided a partial reopening of many ac-
tivities on April the 14th and after the incubation inter-
val, i.e. after 19-22 April, it seems there is no change in
the spreading.
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Figure 10: Singapore before the restarting of the infection.
GL (red) and Logistic (orange) fit are plotted. Time zero
corresponds to the initial day - 23/01.
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Figure 11: Singapore: GL (red) and Logistic (orange) fit with
an exponential grow for Ng,l
∞
(t) are plotted. Time zero corre-
sponds to the initial day - 23/01.
V. PHASE 2 IN ITALY AND SICILY: POSSIBLE
SCENARIOS
The Italian data are reported in fig. 3 and follows a
GL; Sicilian data are depicted in fig. 12 and are fitted by
a GL, but in a near saturation phase.
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Figure 12: Comparison od the Gompertz low with data of
the cumulative number of infected individuals in Sicily. Time
zero corresponds to the initial day - 5/03.
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Figure 13: Italy - GL - linear CC time dependence - daily
rate, with Nℓ
∞
(100) = k N l ⋆
∞
and k = 1.05 (orange), k = 1.15
(red) and k = 1.25 (purple). Time zero corresponds to the
initial day - 22/02, May the 4th corresponds to t = 72.
According to previous fits, the Italian CC is given by
N It
∞
= 229285 and the Sicilian one is NS
∞
= 3388.
The Ph2 phase starts on March the 4th and different
growth scenarios after the 9-10 th of May will be outlined
by assuming an increase of the CC.
A. Linear and exponential time dependent CC -
Italy
As seen in the previous example, the restarting of the
spreading in the Ph2 is more visible in the rate of in-
fected people, N(t) − N(t − 1), rather than in the total
number N(t). In figs. 13, 14 the increase in the daily
rate is depicted for a linear and an exponential time evo-
lution of the CC from the initial value to N∞(100) =
1.05, 1.15, 1.25 respectively (May the 4th corresponds to
t = 72). The information contained in the fits have to
be used by comparing the various curves with the forth-
coming data in the first few days of the Ph2 and, then,
by predicting the possible evolution.
A dramatic increase, similar to the Singapore case, is
shown in fig. 15.
B. Linear and exponential time dependent CC -
Sicily
The Sicilian data (see fig. 12) indicates a low Covid-19
spreading and therefore a large susceptible population.
The same variation of the CC of the Italian case have
been considered and the results are given in figs. 16, 17.
The different scenarios of the Ph2 in Italy and Sicily
have to be compared with the forthcoming data after 9-
10 May , to predict the evolution in the following weeks
(long term predictions are not reliable) and to help po-
litical decisions.
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Figure 14: Italy - GL - exponential CC time dependence -
daily rate, with Nℓ
∞
(100) = k N l ⋆
∞
and k = 1.05 (orange),
k = 1.15 (red) and k = 1.25 (purple). Time zero corresponds
to the initial day - 22/02, May the 4th corresponds to t = 72.
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Figure 15: Italy - GL - exponential increase similarly to the
Singapore case. Time zero corresponds to the initial day -
22/02, May the 4th corresponds to t = 72.
VI. COMMENTS AND CONCLUSIONS
The time dependence of the Covid-19 spreading in the
lockdown phase can be described by macroscopic growth
laws for N(t), which, in general, depend on 2 parame-
ters plus the initial condition. The parameter, kg,l, is
related to the exponential growth and the second one,
the CC Ng,l
∞
, describes how strong is the reduction of the
infection spreading in approaching the steady state of the
disease.
In the Ph2, the reduction of containment effort does
not change kg,l, which characterizes the infection diffu-
sion out of control, but change the CC.
The proposed general method describes the regrowth
(if any) in the Ph2 by a time evolution of the CC, in
such a way that the comparison with the observed data,
collected after few days from the beginning of the new
phase plus the incubation interval, can give information
on the number of infected individuals in the near future.
A large variation of the CC signals an increase of the
pressure on the National Health systems and suggests
new political decisions on the isolation effects.
Let us recall that the variable N(t) is not reliable to
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Figure 16: Sicily - GL - linear CC time dependence - daily
rate, with Nℓ
∞
(100) = k N l ⋆
∞
and k = 1.05 (orange), k = 1.15
(red) and k = 1.25 (purple). Time zero corresponds to the
initial day - 5/03, May the 4th corresponds to t = 60.
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Figure 17: Sicily - GL - exponential CC time dependence -
daily rate, with Nℓ
∞
(100) = k N l ⋆
∞
and k = 1.05 (orange),
k = 1.15 (red) and k = 1.25 (purple). Time zero corresponds
to the initial day - 5/03, May the 4th corresponds to t = 60.
determine the total number of infected persons, due to
the large asymptomatic population, but it permits to un-
derstand the phase of the spreading, since it takes into
account the isolation effects and the dynamical iteration
among symptomatic and asymptomatic individuals, as
shown in ref. [13].
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